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Abstract
In this short note we point out that not every star product is induced by a Drinfel’d twist by
showing that not every Poisson structure is induced by a classical r-matrix. Examples include the
higher genus symplectic Pretzel surfaces and the symplectic sphere S2.
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1 Introduction
Deformation quantization as introduced in [2] has found many applications in mathematical physics
beyond the original scope of quantizing classical mechanical systems. In particular, the formal star
products provide examples of noncommutative manifolds as needed in noncommutative geometry [3].
Here one finds many approaches to fundamental questions of the physical nature of the geometry of
spacetime.
While for generic star products certain desirable constructions will not be possible, there are
particular classes of star products with better behaviour: star products induced by a Drinfel’d twist by
means of universal deformation formulas. Recall that for a formal Drinfel’d twist F ∈ (U(g)⊗U(g))[[~]]
one can deform every algebra A on which the Lie algebra g acts by derivations. Indeed, for a, b ∈
A [[~]] we can define the product
a ⋆F b = m(F
−1 ⊲ (a⊗ b)), (1.1)
where m : (A ⊗A )[[~]] −→ A [[~]] is the undeformed multiplication of A , extended ~-bilinearly, and
⊲ denotes the Lie algebra action extended to an action of the universal enveloping algebra as usual.
The conditions on F guarantee that ⋆F is again an associative product whenever m was associative.
Beside this simple and universal formula, deformations by means of a twist allow for many ad-
ditional constructions. In particular, every module over the undeformed algebra on which the Lie
algebra acts as well, can be deformed into a module over the deformed algebra. In noncommutative
geometry this aspect is of great importance: here we consider as algebra to start with the functions
A = C∞(M) on a manifold M . Then a Lie algebra action on A is the same thing as a Lie algebra
action by vector fields on M . Hence this action lifts to all tensor bundles over M . Therefore we can
deform the sections of all tensor bundles over M in a coherent way. For a general star product this
would not be possible in such a nice way: instead, the sections of every vector bundle have to be
deformed individually but with no significant relations between different bundles.
While providing nice additional features, the question has to be raised whether such star products
occur rarely or often: one has of course many examples at hand but it is not clear whether there
are hard obstructions for a given star product to be induced by a twist. Moreover, recall that a star
product induces as semiclassical limit on M a Poisson structure. Thus a natural question is whether
a given Poisson structure allows for a star product induced by a twist.
In this work we provide several obstructions for this to be possible. First, we have some quite
general obstructions in the case when the Poisson bracket is symplectic:
Theorem 1.1 Given a connected and compact symplectic manifold (M,ω) endowed with a star prod-
uct induced by a twist of some Lie algebra. Then M is homogeneous and there exists a non-degenerate
r-matrix for a (possibly different) Lie algebra whose Lie group acts transitively and effectively on M .
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Using this theorem, we show that the general obstructions can be realized in many explicit examples
like for the symplectic sphere S2 or all higher genus Pretzel surfaces.
The strategy is to show first that the first order of the twist, the classical r-matrix associated to
the twist, induces the Poisson structure coming from the star product ⋆F: this is the semiclassical
version of (1.1). In a second step, one uses the fact that r is contained in a Lie subalgebra in such
a way that r becomes non-degenerate there. Third, we show that in the symplectic case the action
of this subalgebra is infinitesimally transitive. If it is integrable, say for M compact, and if M is
connected, then we obtain a transitive action. Finally, a last argument shows that passing to the
quotient by the kernel of the action does not spoil this picture.
Counterexamples are then easily obtained by either symplectic manifolds which are not homoge-
neous at all, like the higher genus Pretzel surfaces, or by homogeneous manifolds where none of the
acting Lie group admits a non-degenerate r-matrix: this will be the case for the sphere S2.
As a last remark we note that there is also a slightly weaker concept than star products induced by
a twist: we only require that the star product allows for a braiding structure encoded by a universal
R-matrix R. It turns out that also in this case, we arrive at the same semiclassical obstructions and
hence the above statements gives also obstructions for such braiding structures.
This paper is partially based on the master thesis [16].
Acknowledgements: We would like to thank Martin Bordemann, Alexander Schenkel and Jonas
Schnitzer for valuable discussions and useful suggestions.
2 Preliminaries
Let g be a finite-dimensional real Lie algebra and consider the algebra U(g)[[~]] of formal power series
with coefficients in the universal enveloping algebra U(g). It is known that it can be easily endowed
with a topologically free Hopf algebra structure, denoted by (U(g)[[~]],∆, ǫ, S). To fix our notation
and sign conventions, we recall the following two definitions of a Drinfel’d twist and a (classical)
r-matrix, see [4, 5].
Definition 2.1 (Drinfel’d twist) An element F ∈ (U(g)⊗U(g))[[~]] is said to be a twist on U(g)[[~]]
if the following three conditions are satisfied.
i.) F = 1⊗ 1 +
∑∞
k=1 ~
k
Fk.
ii.) (F ⊗ 1)(∆ ⊗ 1)(F) = (1⊗ F)(1 ⊗ ∆)(F).
iii.) (ǫ⊗ 1)F = (1⊗ ǫ)F = 1.
Let J · , · K be the unique extension of the Lie bracket to Λ•g turning the Grassmann algebra into a
Gerstenhaber algebra.
Definition 2.2 (r-Matrix) An element r ∈ g ∧ g is said to be a classical r-matrix if it satisfies the
classical Yang-Baxter equation Jr, rK = 0.
The relation between the two concepts is well-known to be as follows, see [5] or [7, Thm. 1.14]:
Proposition 2.3 Let F be a twist on U(g)[[~]]. Then the antisymmetric part of its first order
r = F−11 − σ(F
−1
1 ) = −F1 + σ(F1) ∈ U(g) ∧ U(g) (2.1)
is a classical r-matrix r ∈ g ∧ g. Here σ denotes the flip isomorphism.
It is important to recall that there is a one-to-one correspondence between non-degenerate r-
matrices and symplectic structures on g, see [6, Prop. 3.3]. For this reason, we are interested to
discuss, given a Lie algebra g, under which conditions it is possible to endow it with a non-degenerate
r-matrix. It turns out that if g is semisimple, this is not possible, see [6, Prop. 5.2] for the complex
and simple case, which clearly extends to real and semisimple Lie algebras:
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Proposition 2.4 Let g be a semisimple Lie algebra. Then there are no non-degenerate r-matrices
on it.
On the other hand, one can always find a suitable (finite-dimensional) Lie subalgebra gr ⊆ g such
that an r-matrix on g is non-degenerate if viewed as an element of gr ∧ gr, see [6, Sect. 3.5]:
Proposition 2.5 Let r ∈ g ∧ g be an r-matrix for a real Lie algebra g.
i.) The subspace gr defined by
gr =
{
(f ⊗ 1)r ∈ g
∣∣ f ∈ g∗} (2.2)
is a finite-dimensional Lie subalgebra of g.
ii.) We have r ∈ gr ∧ gr.
iii.) r is non-degenerate, if viewed as en element r ∈ gr ∧ gr.
Definition 2.6 (Symplectic subalgebra) The Lie subalgebra gr ⊆ g defined in (2.2) is called the
symplectic subalgebra of the r-matrix r ∈ g ∧ g.
In the case of a real Lie algebra g, the corresponding Lie group is denoted by Gr.
As already mentioned, given a twist on the universal enveloping algebra, we can easily define
an associative star product on any U(g)-module algebra. In particular, let us consider the algebra
C∞(M) of smooth functions on a manifold M with pointwise multiplication m and assume that it is
a left U(g)-module algebra. In other words, let us consider a Hopf algebra action
⊲ : U(g)× C∞(M) −→ C∞(M), (2.3)
which makes C∞(M) into a left U(g)-module algebra. Since g ⊆ U(g) are the primitive elements,
the Lie algebra elements act as derivations of C∞(M), i.e. as vector fields on M . This defines a Lie
algebra action φ of g on M . Since the elements of g generate U(g), the action ⊲ is given by differential
operators: more precisely, using the natural filtration of the universal enveloping algebra, the order of
the differential operatorX⊲ · is at most k ∈ N whenX ∈ U(k)(g). From now on we also denote by ⊲ the
extension of the action to formal power series ⊲ : U(g)[[~]]×C∞(M)[[~]] −→ C∞(M)[[~]]. Conversely,
every Lie algebra action φ of g on M determines via the fundamental vector fields φ(ξ) ∈ Γ∞(TM) a
representation of g on C∞(M) by derivations which therefore extends to a Hopf algebra action ⊲ as
above.
Since the first-order commutator of an associative commutative algebra is necessarily a Poisson
bracket on the (un-deformed) algebra, see e.g. [15, Proposition 6.2.24], we have the following statement:
Lemma 2.7 The product defined by
f ⋆F g = m(F
−1 ⊲ (f ⊗ g)) (2.4)
for f, g ∈ C∞(M)[[~]] is an associative star product quantizing the Poisson structure
{f, g} = m(r ⊲ (f ⊗ g)), (2.5)
where r is the r-matrix associated to the twist F.
Remark 2.8 (Taking the classical limit) We can summarize this discussion now as follows. Tak-
ing the classical limit of a twist F gives a classical r-matrix r. Taking the classical limit of a Hopf
algebra action ⊲ of U(g)[[~]] and restricting it to the Lie algebra gives a Lie algebra action φ on M
by vector fields, and taking the classical limit of a star product gives a Poisson bracket. If now the
star product comes from a twist via some Hopf algebra action then the corresponding Poisson bracket
comes from the corresponding r-matrix and the corresponding Lie algebra action.
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Finally, we will also need the quantum analogue of r-matrices:
Definition 2.9 (Universal R-matrix) An invertible element R ∈ (U(g) ⊗ U(g))[[~]] is called a
formal universal R-matrix if
i.) R = 1⊗ 1 + · · ·,
ii.) ∆opp = R∆R−1,
iii.) (1 ⊗ ∆)R = (R1 ⊗ 1 ⊗ R2)(R ⊗ 1) and (∆ ⊗ 1)R = (R1 ⊗ 1 ⊗ R2)(1 ⊗ R), using Sweedler’s
notation R = R1 ⊗ R2.
It is known that R is the quantization of the r-matrix over g. In other words, given a formal R-matrix
R for g, we can define an r-matrix for g by the first order term
R = 1⊗ 1 + ~r + · · · . (2.6)
A star product ⋆ is called quasi-commutative with respect to R if one has an action of g by
derivations such that the extended actions ⊲ satisfies
f ⋆ g = (R2 ⊲ g) ⋆ (R1 ⊲ f) (2.7)
for all f, g ∈ C∞(M)[[~]], see [1, Def. 5.8]. A simple verification leads to the following statement:
Proposition 2.10 Suppose ⋆ is a quasi-commutative star product on M with respect to a universal
R-matrix R for g. Then the corresponding Poisson structure of ⋆ is induced by the corresponding
r-matrix r.
3 Drinfel’d twist and transitive actions
In this section we prove the main result of this paper, which allows us to understand the conditions
under which a star product on a manifold M can be induced by a twist on the universal enveloping
algebra of a Lie algebra g acting on M .
Let r be an r-matrix on g. For a finite-dimensional Lie algebra g with basis {e1, . . . , en}, we have
r =
1
2
n∑
i,j=1
rijei ∧ ej . (3.1)
Given a Lie algebra action φ : g → Γ∞(TM) we can define a Poisson structure on M as the image
via φ of the r-matrix, i.e.
πp =
1
2
n∑
i,j=1
rijφ(ei)p ∧ φ(ej)p, (3.2)
for p ∈M . If π is non-degenerate, it induces a symplectic structure via ω(Xf ,Xg) = π(df,dg), where
Xf denotes the Hamiltonian vector field of f ∈ C
∞(M) with respect to π.
In order to prove our main result we need some preparation. First we have to pass from a Lie
algebra action to a Lie group action of an integrating Lie group G of g. For the moment we have to
assume that this is the case.
Lemma 3.1 Let (M,ω) be a symplectic manifold, r ∈ g ∧ g an r-matrix and let φ be a Lie algebra
action of g on M integrating to a Lie group action Φ: G ×M → M such that ω is the image of r
via (3.2). Then Φ is locally transitive. Moreover, the restriction Φ|Gr of Φ to the Lie subgroup Gr
corresponding to r is locally transitive.
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Proof: It suffices to show the second statement. We observe that we can find a basis {e1, . . . , en} of
g such that there is an integer k ≤ n such that {e1, . . . , ek} is a basis of the symplectic Lie subalgebra
gr determined by r and
r =
1
2
k∑
i=1
rijei ∧ ej . (3.3)
Now consider an arbitrary vector vp ∈ TpM , for p ∈ M . Since for a symplectic Poisson tensor, the
map π♯ : T ∗pM ∋ αp 7→ πp( · , αp) ∈ TpM is surjective, there exists an element αp ∈ T
∗
pM such that
vp = πp(αp, · ) = (αp ⊗ 1)πp =
n∑
i,j=1
rijαp(φ(ei)p)φ(ej)p =
k∑
i,j=1
rijαp(φ(ei)p)φ(ej)p. (3.4)
In other words,
vp ∈ span
R


k∑
j=1
r1jφ(ej)p, . . . ,
k∑
j=1
rkjφ(ej)p

 ⊆ spank{φ(e1)p, . . . , φ(ek)p}. (3.5)
Thus, the map φ|p : gr −→ TpM is surjective and hence the action of Gr is locally transitive. 
A locally transitive action is known to be transitive if the underlying manifold M is connected,
and hence a homogeneous space:
Lemma 3.2 Let Φ: G ×M −→ M be a locally transitive Lie group action on a connected manifold
M . Then there is only one orbit of Φ and it coincides with M .
Putting these results together, we can prove the main theorem of this paper:
Theorem 3.3 Let (M,ω) be a connected symplectic manifold, r ∈ g ∧ g an r-matrix and φ a Lie
algebra action of g on M that integrates to a Lie group action Φ: G ×M −→ M such that, for any
p ∈M , the symplectic bivector field π corresponding to ω is given by (3.2). Then M can be structured
as a homogeneous space for the Lie subgroup Gr corresponding to the symplectic Lie algebra gr with
respect to r.
Proof: This is a direct consequence of Lemma 3.1 and Lemma 3.2. 
The first important consequence of this statement is that under the assumption that the Lie
algebra action integrates, we have an obstruction for star products to be induced by twists. As before,
we denote by gr the symplectic Lie subalgebra with respect to the r-matrix r corresponding to the
twist F and Gr is the connected and simply-connected Lie group integrating it.
Corollary 3.4 Let (M,ω) be a connected symplectic manifold. Assume that there is a star product
⋆F induced by a twist via the action ⊲ such that the corresponding Lie algebra action integrates to a
Lie group action. Then M is a homogeneous Gr-space.
Corollary 3.5 Let (M,ω) be a connected and compact symplectic manifold with a star product ⋆F
induced by a twist. Then M is a homogeneous Gr-space.
Proof: If we assume compactness then any Lie algebra action comes from a Lie group action by
Palais’ theorem [14] since the fundamental vector fields are necessarily complete. 
We can even say something more about the homogeneous space. There is of course a certain
redundancy in the Lie group at the moment: the action could have a large kernel. The following
statement shows that we can pass from a transitive action to a transitive and effective action without
loosing the r-matrix:
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Proposition 3.6 Let Φ: G×M −→M be a smooth Lie group action on a manifold M with kernel
kerΦ = {g ∈ G | Φg = idM}, (3.6)
and let ker φ ⊆ g be the corresponding Lie ideal.
i.) If the action Φ is transitive, the induced action
Ψ: G
/
kerΦ×M ∋ ([g], x) 7→ Φ(g, x) ∈M (3.7)
of the quotient Lie group G/ ker Φ on M is effective and still transitive.
ii.) For a classical r-matrix r ∈ Λ2g the image [r] ∈ Λ2g
/
ker φ is a classical r-matrix for g
/
kerφ.
iii.) The induced Poisson structures of r and [r] on M coincide.
Proof: The first part is clear and so is the second. Since the Poisson structure on M is obtained by
applying φ ∧ φ to r, the contributions in the kernel ker φ will not contribute and hence [r] yields the
same Poisson structure. 
Corollary 3.7 Let (M,ω) be a compact symplectic manifold such that the Poisson structure is induced
by an r-matrix. Then there is a non-degenerate r-matrix r ∈ Λ2g in a Lie algebra g with corresponding
Lie group G acting transitively and effectively on M .
Proof: By Theorem 3.3 we can assume that there is an r-matrix r ∈ Λ2g˜ in some Lie algebra g˜ such
that the corresponding group G˜ acts transitively on M via Φ. Then we can quotient by the kernel
of the action Φ to obtain a transitive and effective action of G = G˜
/
kerΦ, still having a classical
r-matrix inducing the same Poisson bracket. Finally, we can pass to the symplectic Lie subalgebra
gr and take the Lie subgroup Gr of G which still acts transitively and effectively. 
3.1 Counterexamples: Pretzel surfaces
The above results provide a large class of examples in which star products can not be induced via a
twist. The first class of examples that we discuss here is given by manifolds which can not be written
as homogeneous spaces at all. For this reason, it is important to recall some useful characterization
of homogeneous spaces in terms of Euler characteristic χ(M). The following classical theorem of
Mostow gives now a necessary condition for a manifold to be homogeneous [10], see [9] for the case
of surfaces:
Theorem 3.8 (Mostow) Let M = G/H be a connected compact homogeneous space. Then χ(M) ≥
0.
From this we immediately get the following class of examples of symplectic manifolds which do
not allow a star product induced by a twist:
Example 3.9 (Pretzels) Let us consider the Pretzel surfaces T (g) of genus g ∈ N0, which are
compact and connected symplectic manifolds with Euler characteristic
χ(T (g)) = 2− 2g. (3.8)
For g > 1 the Euler characteristic is negative. Thus, according to Theorem 3.8 the Pretzel surfaces
T (g) are not homogeneous spaces for g > 1 at all. As an immediate consequence of Corollary 3.5, no
symplectic star product on T (g) for g > 1 can be induced by a twist.
By the same line of argument, one can of course also construct examples of compact symplectic
manifolds in higher dimensions.
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3.2 Counterexample: Symplectic Sphere
While Mostow’s Theorem provides an easy way to rule out the higher genus Pretzel surfaces, the
situation for the symplectic sphere S2 and the symplectic torus T2 is more involved: for the torus
one can use e.g. the canonical action of T2 on itself. Then the abelian twist provides a star product,
the Weyl-Moyal star product, on the torus. So here we do not have any obstructions.
Also the symplectic sphere is a very well-known example of a homogeneous space. Nevertheless,
we can show that also in this case no star product on the symplectic sphere can be induced by a twist.
The main idea is that even though the sphere is a homogeneous space in several ways, none of them
allows for a twist: one uses the well-known classification of transitive and effective actions on S2 and
shows by hand that all of them come from semisimple Lie groups. The classification results we use
are due to Onishchik [11–13] as well as earlier work by Montgomery and Samelson [8]:
Theorem 3.10 (Onishchik) Any connected Lie group that acts transitively and locally effectively
on S2 is semisimple.
Using this classification result together with Corollary 3.7 and Proposition 2.4 we arrive at the
following statement for the symplectic sphere:
Proposition 3.11 A symplectic Poisson structure on S2 can not be induced by a classical r-matrix.
Corollary 3.12 There is no star product on the symplectic sphere S2 induced by a twist.
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